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Analytic Continuation of Multiple Zet a- Functions and 
the Asymptotic Behavior at Non- Positive Integers 



TOMOKAZU ONOZUKA 



1 Introduction 

\ The Euler-Zagier multiple zeta function Cd{si, ■ • • , s<i) is defined by 

oo oo ^ 

(d(si,--- ,s d ):= V ■■■ V ■ — - ■ ■ r— (1.1) 

r, ■ ^— ' ^— ' m, mi + m2) S2 • • • (mi + • • • + md) Sd 

mi=l »rid=l 



where Sj (i = 1, • • • ,d) are complex variables. Matsumoto [6] proved that the series (jl.ip is absolutely 
convergent in 

{(si,.. - , Si )eC d | »( Sd (d-fc + l)) > A; (fc = l,... ,d)} 

where s^(n) = s n + s n +i + • ■ ■ + s d (n = 1, ■ ■ • ,d). Akiyama, Egami and Tanigawa [lj and Zhao 
|10| proved the meromorphic continuation to the whole space independently. Akiyama, Egami and 
Tanigawa used the Euler-Maclaurin summation formula and Zhao used generalized functions to 
prove the analytic continuation. Later, Matsumoto [7] also proved the analytic continuation using 
| Mellin-Barnes integral formula. 
CN ■ The function C d (si, • • • , s d ) nas singularities on 



Sd = 1, 

s d _i + s d = 2,1,0,-2,-4,- ■■ , (1.2) 
[s d (d-j + l) £Z< 3 (j = 3,4,--- ,d), 

where Z<j is the set of integers less than or equal to j; Z>j is defined similarly. Therefore (— r\, ■■■ .— 
r d ) € 1>%q lies on the set of singularities. Moreover, it is an indeterminacy of Cd{si,-" ,s d ). For 
example, Sasaki [8] proved that 

3 

lim lim lim C 3 (si, s 2 , s 3 ) = - -, (1.3) 

S3-)-0 S2->0 Sl->0 o 

lim lim lim (3(31, s 2 , S3) = - 7- (1-4) 

SI— »0 S2— >0 S3->0 4 

Since (0,0,0) is an indeterminacy of Cs(si> s 2i S3), (j 1 - 3|) and (|1.4|) give different values. 
Akiyama, Egami and Tanigawa pQ defined the regular values by 

(d(-ri, ■ ■ ■ , -ra) ■■= lim ••• lim Cd(si, ■ ■ ■ , s d ), 

and Akiyama and Tanigawa [2] considered the reverse and central values given by 

Cdi-n,--- ,-r d ) •■= lim ••• lim Q(sx, ■ ■ ■ , s d ), 

£->0 
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respectively. Further, Sasaki [8] generalized the regular and reverse values. He defined multiple zeta 
values for coordinatewise limits by 

i\ id 

(d(-n,- ■ ■ ,-rd) ■■= hm ••• lim £ d (si, • • • , s d ), 

ij — d i j ; = 1 

where ■ ■ ■ , i d } = {1, • • • , d}. He obtained all multiple zeta values of depth 3 for coordinatewise 
limits. In addition, he treated the multiple zeta values of depth 4 for coodinatewise limits in [9]. 
On the other hand, Kamano [3] considered the regular, reverse and central values of the multiple 
Hurwitz zeta funcions. Komori [5] considered more general multiple zeta functions, and he obtained 
multiple zeta values at non-positive integers given by 

Cd{~r) = lim • • • lim (d{zi, ■■■ , z d ), 

Cd{-r) = Cd(~n, ■■■ , ~r d ) = lim Cd(~n + 56 l ,--- ,-r d + S0 d ), 
0i e d <5^o 

where — r = (— n, • • • , — r d ) G ^<oj w G &d and 9 = (Qi, ■ ■ ■ , 9 d ) £ C d . To obtain these values by 
Komori's method, we need to compute generalized multiple Bernoulli numbers. 

In the present paper, we prove two theorems. Theorem 1 gives the meromorphic continuation of 
the multiple zeta function to the whole space. The meromorphic continuation was already proved. 
Proof of Theorem 1 is similar to the proof of meromorphic continuation in [10] . In [10] , Zhao used 
the theory of generalized functions [3] to prove the meromorphic continuation. On the other hand, 
to prove Theorem 1, we do not use the theory of generalized functions but integration by parts. In 
Theorem 2, we prove asymptotic behavior near the non-positive integers. Until now, we have been 

w 

able to get only 2 kinds of the limit values, £(— r) and Cd(~ r )- Using Theorem 2, we can compute 

e 

w 

not only ((—r), Cd(~ r ) Du t also various different types of limit values. In fact, by Theorem 2, we 
9 

can compute, for example, 

lim( 3 (e 2 ,e,e) = -\. (1.5) 

This limit value is not contained in the above 2 kinds of values, however by Theorem 2, we can 
compute this value. 

The author would like to express his thanks to Professor Kohji Matsumoto for valuable advice 
and comments. 



2 Main theorems 

In this section, we state two theorems. 

Let B m be the mth Bernoulli number, and B(x, y) be the beta function. For (mi, ■ ■ ■ , m^)GZ> , 
(Pi) • • • ,Pd)€ %>o and (ei, • • • ,e d ) G C d , let m d (n), p d (n) and £ d (n) be m n + m n+ \ + • • • + m d , 
Pn + Pn+i + • ■ • + Pd and e n + e n+ \ + •••+£<* respectively. In addition, Pochhammer symbol (a) n is 
defined by (a) n := T(a+n)/F(a). In this paper, symmetric group & is defined by {a\a : {2, • • • , d} — > 
{2, ■ ■ • , d}, a is a bijective function}. 

Theorem 1. For d > 2 and m, ■ ■ ■ , rid G ^>o, GK s i> " ' > s d) can be continued meromorphically to 
{{a x ,--- ,s d )eC d | $t(s d (j))>d-j-n j (j = 1, • • • ,d), SR( Si _i) > -nj - 1 (j = 2, • • • ,d)} , 
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and (d(si, • • • ,s d ) can be represented by 
Q(si,-" ,Sd) 



1 



£ £ 



B Pl ■ ■ ■ B Pd 



T( Sl )---T(s d )^ , pi! ■■■?«,! s d {l)-d + k* 

fc=OpiH hPd=fc J= 2 



J] B(s d (j) -d + j + Pd (j) - 1, 



+ 



+ 



Sd(l)— d+ni 



r(si)---r( Sd ) 7 



i 



-i 



r(si) • • • r(a d ) J 1 e-i 



'1 



Yi^ (xi)dxi, 



(2.1) 



where 



7(2) 



y(m) I m 



EE E E - E n(-i)*""K e) + iC„ 



(o 2 ,-,a d )m=l o-(2)<-<cr(m) k a(2) =0 k a(m) =0 {j=2 
a(m+l)<-<a(d) 



\ 2 



]\ U v(j)+ k v(j)+ 1 



n (-^ 

j=m+l 



d K(2) 
" X cr(2) 



rl k <7(m) ^™<r(m+l)+l / 7 ? Md)+ 1 

1 £ ( \ 



aX <r(m) aX <7(m+l) 



<r(d) 



M2)=2 



c c7(m) 2 



i dx CT(m+1) • • • dx^d), 



V? a (xi, • • • 



E E 



-Bpi • • • fc_ ni _i^, d (2) ,Pd(^) 

~ x l fc 2 ■ ■ ■ l d ' 



Pi! ■ ■ -Pd\ 



tp a {xi, ■■■ ,x d ) := Y[(l - Xj) 



3=2 



v . xit 2 ■■■tj 

e xit 2 ---tj _ 2 ' 



Here, the summation E^( a2 ... ad ) runs combinations of aj = or 1 (j = 2, • • • , d), and E^ tT (2)<...< CT (m) 

a(m+l)<-«r(d) 

runs all a € 6 satisfying a (2) < ••• < a(m) and a(m + 1) < • • • < cr(d), and Uj, Vj and tj are 
defined by 



s d (j)-d + j-2 ( aj = 0), 
sj-i - 1 (aj = 1), 

Xj (dj = 0), 

1-Xj (aj = l). 



Vj :-- 



Sj-l ~ 1 {aj = 0), 

s d (j)-d + j-2 (Oj = l), 



The function ( d (si, • • • , s d ) has possible singularities on 

{(■sir •• ,Sd) e C d | G Z< d _ 3 - + i, € Z< (j = I,-- - ,ef)} . 
Using Theorem 1, we can obtain the following Theorem 2. 
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Theorem 2. Suppose that Sj / 0, £ d (j) ^ (j = 1, ■ ■ ■ , d), |ei| + • ■ • + |e<i| < | and \£k/£ d (j)\ ^ 1 
as (ei, ■ ■ • , s d ) ->• (0, • • • , 0) (j = 1, ■ ■ • , d, k = j, - ■ ■ ,d). Then for mj G Z> (j = 1, • • • , d), we 

CdC-mj + £i, • • • , -m d + e d ) = (-l) md m d \ 

x J2 Bpi Bp f H K-m d (j) -d + j+ p d (j) -l,-m d (j-l)-d + j+ Pd (j) - 1) 

Pi + -+Pd=d+M V\-'--Vd- j=2 

x [ £ rf(i)]-m d (j)-d+j+ Pd (j)-i + y^Q/ e .) 

[e d (j - l)]-m d (i-l)-d+i+p d (j)-l J 

=(-irw y ^ ' ' ' Bpd 17 f ^^^-^ovrf+j+PdOvi + y Q( . } 

pi + ... + ^ =d+M ■■■P dl f=2 ^ ~ ^-maU-D-d+j+pM)-! fri 

-m d (j)-d+j+p d (j)<2 or 
-m d (j-l)-d+j+ Pd (j)>2 (2<Vj<d) 



as (ei, • • ■ , £<j) — >• (0, • ■ ■ ,0), where 



h(m, n 



M := mi -\ h rmj, 

a(n-l)! (n>l), 
(-l) n (-n)!- 1 (n<0), 

(m > 1 > ra), 

1 {otherwise). 



In Theorem 2, £j {j = 1, • • • , d) should satisfy |ejfc/ed(j)| < 1 (j = 1, • ■ • , d, k = j, - ■ ■ ,d). Let us 
think about this condition. If |£fc/£d(i)| °°j then £<f(i) tends to rapidly. By (|1.2p . Sj + • • • + s d = 
—M is a singular locus. Therefore, when \£k/ e d[j)\ — ► °°> the point (—mi + £i,--- ,—m d + e^) 
approximates asymptotically to a singular locus. Hence, \£k/£d(j)\ ^ 1 means geometrically that 
(—mi + £i,--- , — m d + Ed) does not approximate asymptotically to a singular locus. 



3 Examples 

By Theorem 2, we can compute various multiple zeta values at non-positive integers. Let us see 
some examples. 

In the case d = 2, we have 

1 2 

C 2 (-l + £i,£ 2 ) = 24 +2°^)' 



! 2 

C 2 (£i,-l + £ 2 ) = Y^ + E ^')' 



(2( _ 1+El ,_ 1+£2) = _L + J_._^ + f :ofe) . 
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In the case d = 3, we have 

3 

A / N 11 £3 1 £2 + 2^3 v-^ ml \ 

C3(£l ' £2 ' £3) = "4 " 24 • " 24 • £1 + e 2 + e 3 + g 

, / -. . \ 17 1 e 3 1 ~ £ 2 + 3e 3 >A 

Cs(-1 + ei,e 2 ,e 3 ) = -_-_. __ + — • — - — - + ^O(^), 



j'=i 



720 144 £ 2 + £ 3 720 £i+£ 2 + £ 3 

C 3 (ei,-l + e 2 ,e3) = -™ + ^ • t^— + E°( £ j)' 

3o0 360 £1 + e 2 + £3 ^— ' 

0.(ei, ea ,-l + £3) = - ^ • £i+£2 + g3 

Note that the example (|1.5p comes from the first example of the above, taking £1 = e 2 and £2 = 

£3 = £. 

In the case d = 4, we have 

11 £ 4 1 £ 3 + 2£ 4 1 19£ 2 + 33£ 3 + 52£ 4 

Q{£l,£2,£3,£4) — r + — • ; h — • ; ; h — • ; ; ; 

5 36 £3 + £4 48 £2 + £3 + £4 720 £1 + £2 + £3 + £4 

, _j_ £ 4 (£2 + £3 + £4) o(e) 

144 ' (£ 3 +£ 4 )(£i+£ 2 +£3+£4) p[ 1 

4 Lemmas 

To prove Theorem 1 and Theorem 2, in this section, we prove several lemmas. In this section, 
suppose that K(sfc) > 1 {k = 1, • ■ ■ , d). 

Lemma 1. Let I\ be an interval on M and f(x\, • • • , x d ) be of class C°° on I\ X [0, i]x- ■ -X [0, |] C M d . 
T/ien for all (02, • • • , a^), x\ € Ji and every k = 2, • • • , d, we aai>e 

J "J ^Il x ? j f( x W- ,x d )dx 2 ---dx d 

k [ m f\ \ « CT (fc : j)+ 1 I I 

= E E EKm*^ + i)' 1 U n + ir 1 

m=l cr(fc;2)<---<cr(fe;m) [j=2 V ' J [j=m+l 

cr(fc;m+l)<---<cr(fe;fc) 

n tssr 1 ) ( n <«> 









i'( 


/o 





a-(feiJ') 

j=m+l J \ j=fe+l 

/(Xi, • • • ,X d ) 



dXtr(k;m+l) ' ' ' dx a ( k . k )dxk+i ■ ■ ■ dx d , 



r —I 

L cr(fc:m) 2 



where o~(k; ) is an element of the group given by 

®fc = {°"(^; ) I ) : {2, • • • , k} — > {2, • • • , k}, a(k; ) is a bijective function}. 



6 



T. Onozuka 



Proof. In the case of k = 2, using integration by parts with respect to X2 on the left-hand side of 
(|4.ip . we have 




The first term on the right-hand side of (|4.2p is the term corresponding to m = 2 of (|4.ip . and the 
second term is the term corresponding to m = 1 of (|4.ip . 

Suppose that Lemma 1 holds for k — 1. Using integration by parts with respect to x^ on the 
right-hand side of (|4.ip . we have 



/ 1 \ k 
(«fc + l) ( j ) 



r/.r 



tr(fc-l;m+l) 



o-(fc-l;Jfc-l) 



^ct(*!-1;2) = 



c er(fc — l;m) 2 
. 1 



-K + i)- 1 



dx CT ( fc _ 1;m+1 ) 



cr(fc-l;fc-l) 



-f(xi, ■■■ ,x d ) 



1 dx k . 

■ i CT(fe-l;2)— 2 



(4.3) 



^crffc — l;m) 2 



The first term of (|4.3p is the term corresponding to k = a(k;m) of (|4.ip . and the second term of 
(|4,3p is the term corresponding to k = <r(/c; fc) of (|4.ip . □ 
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Lemma 2. Let f{x\, ■ ■ ■ , x d ) be as in Lemma 1. Then for all {a 2 , • • • , ad), x\ 6 L\, we have 
,1 / d 



r l ,1 ( d 

/ / CM, 



\\ x] 1 f(xi, ■■■ , x d )dx 2 ■■■dx d 



V(2) 



^cr(m) 



E E E - E 

m=l o-(2)<---<(j(m) fc CT ( 2 )=0 k a(m) =0 
cr(m+l)<---<a(d) 



ri(-i)^Ko-)+i)4 +1 Q) 



]_\ «<r(3)+ fc CT (j)+ 1 



n (- i ) n ' b,+i ^)+ i )i )+ i 

j=m+l 



JO 



1 / d 

2 / -r-r Uct(3)+ „ ct(j . )+ 1 



n 



j'=m+l 

d k a(2) d k <?(m) ^ n <T(m+l)+l ( ^ n o-(ci)+ 1 



a3 V(2) flX CT (m) " X CT (m+l) 



"a(d)+l 



rfx 



/(xi, • • • ,x d ) 



r(2)= idx CT(m+1) 



c o-(m) 2 



<ix 



(4.4) 



where n 2 , ■ ■ ■ , nd £ Z>o> CT are as i> n Theorem 1. 



Proof. Induction on n 2 + • • • + nd- 

In the case n 2 = ■ ■ ■ = nd = 0, (|4.4p is valid by Lemma 1. 

Suppose that (|4.4p holds for (ri2, • • • , nd), and let us prove (|4.4p for (ri2, • • • , rtfc + 1, • • • , nd). The 
right-hand side of (14. 4h is divided into two terms, 



(4.5) 



d n o-(2) \(m) (i n <r(2) »V(m) 

E E E - E +E E E - E • 

m=l <r(2)<---<cr(m) fe CT(2) =0 fc CT ( m) =0 m=l o-(2)<---<cr(m) fc CT(2) =0 fc CT ( m) =0 
cr(m+l)<---<cr(d) o-(m+l)<---<cr((i) 

fee{cr(2),--- ,o-(m)} ke{a(m+l),--- ,a(d)} 

The first term of (|4.5p has no integral of x^, and the second term of (|4,5p has an integral of X&. 
Using integration by parts with respect to Xk on the second term of (14. 5p . we have 



(life + n k + 2) 1 < 



d k cr(2) (l k >?(m) ^ n cr(m+ 1) +1 



aJL o(2) 



J„ k <r(m) j ™<r(m+l) + l 
aX <r(m) UX <r(m+l) 



rfx 



<7(d) 



T /(xi, • • • ,x d ) 



2 



X 



u k +n k +2 



aX a(2) 



aa V(m) aj: V(m+l) 



fix 



r tfe +2 



fix 



r(d)+l 



/(xi,-- - ,x d ) 



M2)~2 



i cixfc 



c <r(m) 2 



(4.6) 
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Using (113]) and (113]) . we find (Pj) for (n 2 , • • • , nfc + 1, • • ■ , n d ). □ 
Lemma 3. ^ a (^i, • • • ,x d ) is C°° on [0, 1] x [0, \] X • • • X [0, ±] C R d . 

Proof. Since (1 — Xj) v ' (j = 2, • • • ,d) are C°° on [0, 1] x [0, |] x • • • x [0, |], what we have to prove 
is that 

EV^ B Pi ' ' ' B Pd _fc-ni-lyj>d(2) ,Pd(<2) 
^ Pll-'-Pd! 1 2 ' d 

fe=ni+l piH hpd=fc 

is C°° on [0, 1] x [0, i] x • • • x [0, \\. Clearly, we have 



fc=ni+lpiH hPd=« 



-r-rcf Zifa-tj _ v^rti B Pi- B Pd ^k+Pdi'i) + Pd(d) 

„ni+l ' / 



We prove that the right-hand side of (|4,7p is C°°. The numerator of the right-hand side is C°°, so 
the right-hand side is C°° except for x\ = 0. We can find that x\ = is a removable singularity by 
observing the left-hand side of (|4.7|) . Hence, (^ a (xi, • • • , ay) is C°° on [0, 1] x [0, |] x • • • x [0, |]. □ 

In Lemma 4 and Lemma 5, we use 

gen Qa d 



& 



a 



" dx^ 1 dxf 
where a = (ai, 02, • • • , ay) E ^>q- 



Lemma 4. Ze£ a = (0, 02, ■ ■ ■ , ay) £ ^>o- we /i 



qol \ tt xit 2 ---tj \ _ v^tt fm,j(e xit2 '-' t i,x 1 ,t 2 ,--- ,tj) 

where ^ m is a finite summation, f m j is a polynomial which degree of e Xlt2 "' tj is less than or equal 
to a 2 + ■ ■ ■ + ctj. 

Proof. Induction on |a| = ai + • • • + ay. 
When I a I = 0, Lemma 4 is trivial. 

Suppose that Lemma 4 is valid for (0, a 2 , ■ ■ ■ , ad)- Differentiating with respect to Xfc, we have 

I 11 e $\ti—ti _ 1 



dx 



v — 1 rr ^ m j( eX1<2 '''' fj ' xi ' t2 '""" 



l tt /m,j(e 3!lt2 '""^,ai,t2,-- - \ _d_ ( rr fm,j(e Xlt2 ''"' tj ,x 1 ,t 2 ,--- ,tj) 1 



m \ j=2 ^ ^ / \j=fc 
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Using the product rule to (j4.8jl , we find 



d 
dx k 



n 

\j=k 



fm.j (c 



£1*2, ••• ,tj 



^1,*2) • • • ,tj, 



E 



\ 



5 ffmAe^'-t^X!^,--- ,ti) 



J 



dx k V (e^ 1 * 2 -*' - i) a 2+-+ai+i 



(4.9) 



Using the quotient rule to (|4.9p , we get 

d ff mi i(e x ^-^,x h t 2 ,--- ,t t y 



dx k V ( e xih-ti _ iy 2 +-+ai+l 

(gxita-t, _ 1) 9 / m> , _ ( ai + . . . + a , + l) Xl t 2 . . . ^.iifc+i • • • tif mjl 



where the choice of ± depends on a&. In the numerator of (|4.10p . the degree of e Xlt2 " 4 ' is less than 
or equal to a% + • • • + on + 1. Hence, Lemma 4 is valid for (0, a 2 , ■ ■ ■ , ctfe + 1, • • ■ , o^). □ 

Lemma 5. For each a = (0, a 2 , ■ ■ ■ , a<j) G ^>o; d a ^ a (x\, • • • , Xd) is bounded on [0, 00) x [0, ^] x 
•••x[0,±]. 

Proof. By the Leibniz rule, we have 



\d<*uxi,---,x d )\ < e (i) 9(3 Ilk 1 

(3<<x W V= 2 



9' 



a.-j3 



n 

vi=2 



By Lemma 4, 



Hence what we have to prove is that 
We find 



00 na 

J'=2 



(f]^ =2 xit 2 • ■■tj/ie* 1 **-** - 1)J is bounded on [0,oo) x [0, §] x • • • x [0, §]. 

dP n?= 2 ( 1 - x jP is bounded on [0, 00) x [0, ±] x • • • x [0, \}. 



:JJ 1(^.-^ + 1)^.(1 

d 



3=2 







1 




| max < 












2 





where (3 = (/3i, • • • ,/3 d ). 

Lemma 6. Let \a\, \b\ < |, a 7^ 0, 7^ 0. T/ien /or eac/i m, n G Z, we /iaue 



□ 



(o)r 
(&)» 



" < + O(a) + 0(b)) (n>m>l), 



6 

O(a) 



(n > 1 > m) 



(-l) m+n 4=^f + O(a) + O(o) (l>n>m) 



as a.b — » 0. 
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Proof. In the case n > m > 1, we have 

(a) n a / (a + 1) • • • (a + n — 1) 



(6) m 6 V(6 + !)••• (6 + m-l) 

=?{(H 

a / (n - 1)! 



f{((„-l)! + 0(.)) + 



6 V(m - 1)! 

In the case n > 1 > m, we have 



+ 0(a) + 0(6) 



(6) m 

<Ca. 

In the case 1 > n > m, we have 

(a) n _ (6 -!)••• (6 + m) 



" '" =a(a + 1) • • • (a + n - 1)(6 -!)■■■ (b + m) 



(b) m (a - 1) • • • (a + n) 

= {(-l) m (-m)! + 0(6)} {(_l)»(_„)!-i + O(a)} 

= ( _ ir+ n(z^! +0(a) + 0(fe) _ 



5 Proof of Theorem 1 

In this section, we prove Theorem 1. 
By [[10], pl279, (7)], we have 

T(s 1 )---F(s d )Cd(s 1 ,--- ,s d ) 

-1 /•! />oo rf rf rf 



□ 



/* _1_ /* _1_ /* OO 



The right-hand side of (|5.ip is divided into two terms, 

r...r l r=r l ...r r + r...r r. ^ 

io io io 7o Vo Vo jo Jo Ji 

First we consider the first term of (|5.2p . By x/(e x — 1) = Ylm=o(^ m / m ^ xm (M < 2ir), we see that 
the first term is 



/l .1 d d d / oo „ \ 

^ i=l i=2 j=l \k=0 / 
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Further we divide the summation in (15.31) as 

d oo oo 

nE>-*/-E E 

fc=0 piH hp 

m 

E E 



^fc / \fc ^Pi ' ' ' ^Pd k Pd(2) Pd(rf) 

j=lfc=0 ' fc=Opi+ - +Pd=fc 

^Pi • • ' B Pd „,fc„.Pd(2) p d (d) 



fc=0 piH hPd=fc 

+ E E %r&t<# m ■■■>#*■ <«) 

fc=m+lpiH — hPd=k 



The contribution of the first term of (15,41) is 



m R R -\ d 

This is the first term of (|2.ip . Changing the order of integration of the second term of (|5.4p , we have 



3=2 



E E ^V"^ ^'" 1 ' 1 ^ • • • < d{d) \dx2-- dx d dx x . (5.6) 

fc=ni + l piH hPd=k 



Dividing the integral into f and f x , 2 for X2, • • • , a^, we have 

"2 + 1 

E 



1 ,1 r^s- 



JO 



^2 / a d 

(o2,-,a<j) " "2" ~2~ 



where the notation E_^\ a2 ... a \ is defined in the statement of Theorem 1. Changing variables, we find 
that SSM is 



7 ° 1 (a 2 ,-,a d ) Jo Jo \f=2 



E E ^r^ x " ni ~ H " di2) ■ ■ ■ ^ did) \ dx >--- dXd K 

fe=m+i piH — f-Pd=fc 



By Lemma 2, Lemma 3 and the definition of ip a (xi, ■ ■ ■ , xj), we find that the above is 

H d(1) - d+ni F ipa (x 1 )dx 1 . (5.7) 
By (|5.5p and (|5.7p . we see that the first term of (|5.2p is 



i 



-^7)1 ' ' ' Brn, 1 



e e ;;, ...;j Si(1) . i+k u *(«&■> -* + * + »&•> -mh> 

fc= 0p 1+ ... + p d =fc F1 f<t dK J -r j=2 

+ ! x^-^F^ix^dxx. (5.8) 
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Next, we consider the second term of (15, 2p . Similarly to the deformation of (15. 6p . we have 



i „ i 



^oa.-.Od) u " u J=2 

Using Lemma 2, we find that the above is 

r-oo 8 d (l)-d 



-L__ify (si)d a ;i. (5.9) 



By d5THD and ([5T9]) . we obtain (|2TT|) . 

Now let us consider when (|2.1|) is holomorphic. The first term is holomorphic when 



s d {l) ^d,d-l,--- ,d-n\, 








s d(j) ^ d - j + 1, d -j, d - j - 1, • • • 


(i = 


2,-- 




Sj f ^ 0,-1,-2,--- 


(i = 


1,... 


,d-l). 


1, the second term is holomorphic when 








s<i(j) ^d-j + l,d-j,"- ,d- j + 1 -uj 


0' 


= 2, • 


■ ,d), 


Sj + 0, -l,-- , -n,- 


(j 


= 2,- 


■■ ,d-l 


$l(sd(j)) >d-j-nj 


(j 


= 1," 


■■ ,d), 


sR(sj-i) > -n, - 1 


(j 


= 2,- 


■■ ,d). 



By Lemma 5, the third term is holomorphic when 

Sd{j) + d - j + l,d - j, ■ ■ ■ ,d - j + 1 - uj (j = 2, • • • , d), 

sj + 0, -1, • • • , -uj (j = 2, • • • ,d-l), 

M(sdU))>d-j -rij (j = 2,---,d), 

Sfa-i) > -n 5 - 1 (j = 2,---,d). 

Hence, we obtain Theorem 1. 

6 Proof of Theorem 2 

In this section, we prove Theorem 2. If d = 1, Ci( s i) is Riemann zeta function. Hence, Theorem 
2 is clear. So we prove Theorem 2 in the case d > 1. Suppose that rrij, Ej (j = 1, • • • ,d) and M 
are defined in the statement of Theorem 2. We use (|2.ip with Sj = —rrij + £j (j = 1 • • • , d) and 
n\ = ■ ■ ■ = rid = M + d. 

First, we estimate the second term and the third term. When (ei, • • • ,e d ) — > (0, • • • ,0), these 
terms are bounded except (« CT (j) + l)n 1 { ) +i anc ^ i u <r(j) + !)& • +1" Hence, we have 



x ^)-d + n 1F ^ {xi)dxi+ ^_^ F ^ aixl)dxl= o n^ 1 



where 

Je*(j) (a,=0) 

Ui-i («i = 1 )- 
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On the other hand, using T(z)T(l — z) = 7r/sin(7rz), we can estimate 

•C sin(7rsi) • • • sin(7TSrf) 



Y{ Sl )---T{s d ) 



<Csin(7rei) • • • sm(-K£ d ) 
<£i •••£<*• 



Then, we have 



1 



r( Sl )---r( Sd ) 



(01,— ,a d ) 



e.7-1 



i=2 3 



(air-- ,a d ) 



n 



e,_i 



, 2 ^ 



Ed 



J 



Since £k/£d(j) *C l(j = 1, ■ ■ ■ , d, k = j, - ■ ■ ,d), we obtain 



r^)-^) (/^i d(1)_d+mi71 ^^i)^i + /°° ^rr^^O^iJ = (6.i) 

Next, we estimate the first term of (12. ID , First, we estimate the factors containing gamma 
funcions and beta functions as 

1 d 

B(s d (j) -d + j+ p d (j) - 1, Si _i) 



r(ai)---r(a d ) 



J=2 



i -q r( Sd (i)-d+i+ Pd (i)-i) 



T(s d ) f \ T(s d (j -l)-d + j+ p d (j) - 1) 



n 



( £ d(j))s d (j)-d+j+p d (j)-l 



{e d )- md T(e d (l)) jJ- 2 (e d (j - l)) Sd (j-i)-d+j+ Pd (j)-i 



(6.2) 



By Lemma 6, we have 



(s d ). md F(e d (l)) 



-.((-l)^m d \ + 0(s d )) 



sin(7re d (l)) 



7T 



r(i-^(i)) 



--(-l) m *m d \e d {l) + 0{e d (l) 2 ) + 0{e d {l)e d ) 



and 



n 

i=2 



( £ d(j))s d (j)-d+j+p d (j)-l 
{ £ d(j - l)) Sd (j-l)-d+j+p d (j)-l 



Y\ ( K- m d{j) ~d + j+ PdU) - 1, -m d (j - 1) - d + j + - 1) 

i=2 



Mi)]- 



m d (j)-(i+i+Pd(j)-l 



Mi - 1)]- 



"i<i 0' - !) - d +j +Pd (i) - 1 



J=2 



£dC?) 

^(i-i) 1 



^(i) + 0(e d (j-l)) + 0(e d tf)) 
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hence, we find (16. 2p is 



r( / r , s II B(«dC?) - d + i + Pdti) - 1, = {-l) md m d \e d {l) x 
1 (si) • • 1 (s rf J ^ 

]I f M-^O") - d + 3 + - 1, " 1) " d + i + " i) ^|UkW ^ 



X 

i=2 



+ ^0(e^(l)). (6.3) 



Using (|6.3p . we can estimate the first term of (|2.ip . 



E E Bpi ,'" jg ? m \ + r i (-1)^1^(1) X 



]I f M-t^Cj) - d +i + PdC?) - 1. -^(i - 1) - d + j + pS) - 1) ^^pO-)-^^-)-! \ 

7-o V l £ rfU - l)\- md (j-i)-d+j+p d (j)-i/ 



X 

i=2 



+ E°Mik*(i))}- 
i=i J 

Using 

1 _ fo(l) (fc<m = M + d) 

s d (l) -d + fc ~ [edil)- 1 (k = m = M + d), 

we have 

(-l) m <W V B pr-- R P« JT ^(-m^") _d+ j + Pd (j) - 1, -m d (j - 1) - d+ J +p d (j) - 1) 

pi+-+p d =d+M KV Fa " i=2 



[£d(j)]-m d (j)-d+j+p d {j)-l 



[£d{j - i)]-m d (j-i)-d+j+ Pd (j)-i fri 

From (16.11) and (16.41). we obtain Theorem 2. 



+ EOfo). ( 6 - 4 ) 
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